In this paper we calculate the Petrie numbers and the lengths of the Petrie polygons of all reflexible regular maps of genus 2 to 15.
Introduction
A map M is an embedding of a finite graph G in a Riemann surface X such that the components of X − G, which are called the faces of M, are each homeomorphic to an open disc. M is said to be of type {m, n} if every vertex and face of M has valency m and n respectively. The genus of M is the genus of the underlying surface X. In our maps we require G to be connected and every edge of G to have two vertices. We also require X to be orientable, compact, connected and without boundary. An automorphism of M is an automorphism of X that leaves M invariant and preserves incidence. All automorphisms of M form a group under composition of maps and we will denote it by Aut ± M and the subgroup consisting of conformal automorphisms by Aut + M. M is said to be regular if Aut + M is transitive on the directed edges. If M admits an involution R that fixes the mid-point of an edge and interchanges the two darts without interchanging the two neighboring faces, then M is called reflexible and R is called a reflection of M.
Let X be a Riemann surface of genus g > 1 and M be a regular map of type {m, n} on X. Let F be a face of M. If we join the center of F to the centers of the edges and the vertices surrounding F by geodesic arcs, we obtain a subdivision of F into 2n hyperbolic triangles. Each hyperbolic triangle has angles π/2, π/m, π/n, and is called a (2, m, n)-triangle. In this way, we obtain a triangulation of X. Note that there are as many (2, m, n)-triangles as the order of Aut ± M, and the reflexibility of M implies that Aut ± M is transitive on these triangles. Let T be a (2, m, n)-triangle on X and let P , Q, R denote the reflections in the sides of T . Suppose that these reflections satisfy the relations
The reflections P , Q and R generate Aut ± M. However, the relations in (1) do not give a presentation if 1/m + 1/n < 1/2 and hence to get a presentation for Aut ± M we need at least one more relation. In this work we use [2] for additional relations which are sufficient to define the automorphism group of the map.
From the map M we may derive a second map M * , called the dual map of M, on X. If M has F faces, E edges and V vertices, then M * has F vertices, one in the interior of each face of M; E edges, one crossing each edge of M; and V faces, one surrounding each vertex of M. In our maps we require M * to be regular. So the vertices and the face-centers of M * are the face-centers and the vertices of M, respectively. Clearly, their edge-centers are the same. The map M * is of type {n, m} by construction.
A Petrie polygon of a regular map is a skew polygon such that every two consecutive sides, but no three, belong to a face of this map [3] . In this paper, we calculate the Petrie numbers and the lengths of the Petrie polygons of all reflexible regular maps of genus 2 to 15.
The Petrie Lengths of All Reflexible Regular
Maps of Genus 2 to 15
Let M be a regular map and X be the underlying surface. A Petrie polygon can be viewed as a zigzag path by starting along an edge, then taking the first left (right), then the first right (left) etc. until eventually we get back to where we started. In Figure 1 we illustrate a Petrie polygon of the map of type {3, 4} on the sphere. Let P , Q, R be the generators of Aut ± M in (1). As shown in [3] , the automorphism P QR leaves a Petrie polygon C of M invariant and cyclically permutes it. It is clear that (P QR) 2 and (P QR) −2 also leave C invariant and take every side of C to an alternate side. These automorphisms are called the Petrie automorphisms of C. Let k > 0 be an integer and let the order of (P QR) 2 be k. It follows from [5] that the order of any Petrie automorphism is k. Here, k is called the Petrie number of M.
A Petrie polygon of M consists of some edges of M and every edge of M is the union of sides of two (2, m, n)-triangles. Using the Sine and Cosine rules for hyperbolic triangles we can calculate the lengths of the sides of such a triangle and so we can find the length of the Petrie polygon. All Petrie polygons of M have the same length and it is called the Petrie length.
Example 2.1. Let X be the Riemann surface of genus 2 with 48 conformal automorphisms. It is known that X underlies a regular map M of type {3, 8} and Aut ± M has a presentation
Let C be a Petrie polygon on X. If we choose P , Q and R as the reflections in the sides of a convenient (2, 3, 8)-triangle on X, then C has a Petrie automorphism (P QR) 2 . By using the following MAGMA algorithm, we find that (P QR) 2 has order 6.
G<P,Q,R>:=Group<P,Q,R|P^2=Q^2=R^2=(P*Q)^2=(Q*R)^3=(P*R)^8= (Q*R*(R*P)^(-3))^2=1>; S := sub<G|(P*Q*R)^2 >; Order(S);
This means that C has twelve edges and its length is equal to twenty four times the length of the side of a (2, 3, 8)-triangle opposite to the angle π/8. Using the Sine and Cosine rules for a (2, 3, 8)-triangle we find that the length of such a side is 0,36351992. So the Petrie length is 8,7244781.
Similarly, the Petrie numbers and the Petrie lengths of reflexible regular maps of genus 2 to 15 can be calculated. To do that, we use the presentations of the corresponding automorphism groups given in [2] . We display the results in the following tables: 
